M1 — Advanced Geometry 2021-2022: TD 8

Differential forms, orientability,
integration on manifolds

Exercise 1.

1. Let n = dim M and consider Xy, ..., X,, n everywhere linearly independant vector
fields on M. Define the differential form of degree n on M

Vpe M, wp: (T,pMm)"  — R
(v1, .-y vn) > detx ), X (p) (vl,...,vn)

-----

Then w is nowhere vanishing and is thus a volume form. It follows that M is ori-
entable.

2. Let mpyp: M X N — M and wy: M x N — N be the canonical projections. Let wyy
and wy be volume forms on M and N respectively. Let w be defined by the relation
w = my(wm) A my(wn). Let (p,g) € M x N, {vi,...,vn} be a basis of TyM,
{wi,...,w,} be a basis of T;M. Then {(v1,0),...,(vm,0),(0,w1),...,(0,wy)} is a
basis of T(, yM X N =T,M x Ty N, and

w((vl,O), ooy (Um, 0), (0, w1), ..., (O,wn)) =wpr (V1,0 Um) X wn(wi, ... ,wy) #0
Hence, w is a volume form on M x N.

Remark. One can prove the result by exhibiting an oriented atlas. If {y;, U;}ier
and {Vj,1;}jcs are oriented atlas on M and N respectively, show that {(U; x
Vi)s (0is ¥5) } i j)erx. is an oriented atlas on M x N. To do so, show that

det (d((soilvl/}h) © (901'271/’]'2)71)) = det (d(90i1 © 902‘_21)) det (d(wjl o ¢j_21))

3. Recall that if {(U;, ¢;) }icr is an atlas of M, then we can build an atlas {(TU;, ®;) }ier
on TM by

®;: (p,v) € TU; = (¢i(p), dp(p)v) € ¢:i(U) x R"
whose transition functions are given by
®; 0 @7 (z,w) = (pi0 0y (), dpi 0 ;) (z)w)
Then, by construction,
d(®; 0 @) (2, w)(wi, wa) = (dli 0 ;) (@)wr, di 0 ;') (w)ws)

and finally,
det (d(®; 0 ®;1)(x,w)) = det (dw; 0 ¢; 1) () >0
Thus, T'M is orientable.

Exercise 2.

Let n € N.

1. Show that the sphere S is orientable. Is the diffeomorphism x — —x orientation
preserving?

2. Is the projective space RP™ orientable?



Exercise 3.

Let X :x%—i—ya%—i—z% and w = dz A dy A dz on R3. Define a by
1
VY,Z € T(TR?), «(Y,Z) = gW(X, Y, Z)
1. Show that « is a differential form of degree 2. Give an expression of « in the basis
{dz Ady,dy A dz,dz A dz}.
2. Does there exist § a differential form of degree 1 such that o = dS?
3. Let B be the open unit ball of R?. Compute [ dov.
4. Let i: S = R3 be the inclusion of the unit sphere. Compute fS2 *a.

Exercise 4.

1. Let f: R — R* be defined as f(t) = ¢'. Compute f*(%m)

2. Let f: (0,4+00) x (0,27) — R2?\ {0} be defined as f(r,0) = (rcos @, rsin@). Compute
f*(dz A dy).

Exercise 5.

Let M = R?\ {0}. Consider the differential form of degree 1 a = —ﬁ dx +

dy.

_z
x2+y2
1. Compute do.

2. Let Cy be the circle centered at the origin of radius 1 and C] be the circle centered
at (3,0) of radius 2. Let igp and 7; be the respective inclusion maps. Compute fCo ipo

and fCl 1o



