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Stokes’ Theorem, Lie derivative, de Rham Cohomology

Exercise 1.

Let X be a vector field on R3 and ω = dx1 ∧ dx2 ∧ dx3 be the standard volume form.

1. Show that there exists a unique function, called the divergence of X and denoted by
divX such that LXω = (divX)ω.

2. Express divX in terms of the components of X in the basis {∂1, ∂2, ∂3}.

3. Assume X = x1∂1 + x2∂2 + x3∂3 is the radial vector field. Compute
∫
S(0,r) i

∗(ιXω)

where i : S(0, r)→ R3 is the inclusion of the sphere of radius r centered at 0.

Exercise 2.

Let ω = − y
x2+y2

dx+ x
x2+y2

dy ∈ Ω1(R2 \ {0}). Let X = x∂x + y∂y.

1. Show that the integral of ω on any circle centered at 0 is independent from its radius.

2. Compute LXω.

Exercise 3.

Let Mn be a closed manifold and H∗
dR(M) be its de Rham cohomology.

1. Suppose that M has d connected components. Show that H0
dR(M) ' Rd.

2. Suppose that M is connected and orientable. Show that Hn
dR(M) ' R.

Exercise 4.

Let M be a a connected manifold. A loop in M is a piecewise smooth map γ : S1 →M .

1. Let ω ∈ Ω1(M). Suppose that for all loops γ,
∫
S1 γ

∗ω = 0. Fix x0 ∈ M , and for
x ∈M , define f(x) =

∫
[0,1] c

∗ω where c : [0, 1]→M is a smooth path from x0 to x.

(a) Show that f is well defined, that is f does not depend on c.

(b) Show that ω = df .

2. Show that [ω] = 0 ∈ H1(M) ⇐⇒ ∀γ,
∫
S1 γ

∗ω = 0.

3. Fix x0 ∈M . Let π1(M,x0) be the fundamental group ofM based at x0, that is the set
of all equivalence classes of piecewise smooth loops γ : S1 →M with γ(1) = x0 such
that γ1 ∼ γ2 ⇐⇒ γ1γ2 is null homotopic. The group law is given by [γ1][γ2] = [γ1γ2].
We define

h : H1
dR(M) −→ Hom(π1(M,x0),R)
[ω] 7−→

(
[γ] 7→

∫
S1 γ

∗ω
)

(a) Show that h is a well-defined group homomorphism.

(b) Show that h is injective.

(c) Show that if M is contractible, then H1
dR(M) = {0}.
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