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Consider the unidimensional torus T = R/Z, p: R — T the canonical projection, and the
trivial rank 2 vector bundle T x R2. Consider the subset

E ={(t,\(cosnt,sin7t)) |t € T,A € R} C T x R”.

An element of E is a couple (f,v) where t lies in the torus T and v lies in the line of R? making
an angle of nt with the horizontal axis. One can easily check that E is a smooth manifold by
finding local parametrizations (hint: (t,\) — ...).

Let us show that F is a vector bundle on T. Let m: ' — T be the projection onto the first
factor. Then for ¢ € T, it holds that

Er=7n"1({t}) = {t} x R(cosnt,sinmt) ~ R

and the fibers are vector spaces. Let us find trivializations of E. Consider U = p((0,1)) and
V =p((—31,3)). Define
xv: 7 HU) — UxR
(t,v) — ({t}, (v, (cosmt',sin7t’)))

where ' is the unique representant of ¢ in (0,1). Similarly, define

xv: ™ V) — VxR
(t,v) +— ({t}, (v, (cosmt” sinmt")))
where t” is the unique representant of ¢ in (—%, %) Indeed, the restriction of xy and yxy on

fibers Ejf are linear isomorphisms, and if m; denotes the projection onto the first factor, then
m o xy = idy, m o xy = idy.
Moreover, U NV =p ((0,1)\ {3}) and we have

XUOX‘_/lz (UQV)XR N (UQV)X]R
(t,v) — {(f’”) ?fpr((o,%))

. Thus, E is a vector bundle over T. Notice that the transition function is in fact given by
gv: UnvV — GL;(R) = R*
_ 1 iftn(0,1)#o
Lo -1 ift_ﬂé’,iizg
Remark: E can be seen by by different ways:
e as the quotient space of the action Z ~ R? given by k- (z,y) = (x + k, (=1)*y),

e as the quotient of [0, 1] x R by the equivalence relation (0,y) ~ (1, —y).



